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Irreducible and reducible continua
We construct a continuum X which is not irreducible, and which admits a monotone
map f onto [0,1] such that f is monotonically irreducible in the following sense: For each
closed proper subset D of X such that f (D) = [0,1], f restricted to D is not monotone.
The example answers a question by L. Mohler and L.E. Ward.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Every space considered in this paper is metric and every map is continuous. A continuum is a connected compact space.
An arc is a continuum homeomorphic to the unit interval [0,1] ⊂R. A continuum is decomposable if it is the union of two of
its proper subcontinua, otherwise X is indecomposable. The simplest non-degenerate indecomposable continuum, the Knaster
continuum (also called the buckethandle continuum), is pictured in Fig. 4 of [4, p. 205]. For a point x in a continuum X , the
composant of x is the union of all proper subcontinua of X containing x. In an indecomposable continuum composants of
two points are either identical or disjoint. A non-degenerate indecomposable continuum has uncountably many composant.
For more information on indecomposable continua see [4] and [8].
A map f from a space X onto a space Y is monotone if f −1(y) is connected for each y ∈ Y . Monotone maps appear
naturally in continuum theory. For instance, it is well known that if f is a monotone map from a compact space X onto
a continuum Y , then X is a continuum. Another example of the important role of monotone maps is the following classic
monotone-light factorization theorem proven by Eilenberg [2] in 1935: If f is a map of compact space X onto a compact
space Y , then there is a compact space M , and there are surjective maps m : X → M and  : M → Y such that m is
monotone,  is light, and f =  ◦ m (see also [8]). ( : M → Y is light means that −1(y) is totally disconnected for each
y ∈ Y .)
A continuum X is irreducible between two of its points a and b if no proper subcontinuum of X contains both a and b.
A continuum is irreducible if it is irreducible between a pair of its points. An arc is irreducible between its endpoints. An
indecomposable continuum is irreducible between any pair of points that belong to two different composants.
In [4, §48], Kuratowski developed a comprehensive theory of irreducible continua. In particular, it follows from [4, Theo-
rems 3 and 4, p. 216] that, for each irreducible continuum Z whose every indecomposable subcontinuum is nowhere dense,
there is a continuous surjection g : Z → [0,1] such that g−1(t) is a maximal nowhere dense subcontinuum of Z for each
t ∈ [0,1]. g−1(t) is called a layer of Z . Every map g with the above properties is called a Kuratowski map. Kuratowski maps
are very powerful tools, especially if they can be deﬁned inductively for layers, then layers of layers, and so on (see [11]
and [7]). For instance, using the technique one can prove that dynamics of hereditarily decomposable chainable continua
are similar to those of [0,1] (see [6,9,10]).
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the restriction of f to D is a monotone map of D onto Y . A monotone surjective map is monotonically irreducible if it is
not monotonically reducible. A monotone map is seldom monotonically irreducible. For instance, it is proven in [3] that
for any positive integer n, any monotone map between compacta for which every point-inverse is a closed n-manifold is
monotonically reducible. However, each Kuratowski map (deﬁned on an irreducible continuum whose every indecomposable
subcontinuum is nowhere dense) is monotonically irreducible. In 1978, L. Mohler and L.E. Ward asked if each continuum
that admits a monotonically irreducible map onto [0,1] must be irreducible [1, Problem 101, p. 382]. In this paper we
answer this question by proving the following theorem.
Theorem 1. There exists a continuum X which is not irreducible, and there exists a monotone map f of X onto [0,1] such that if D is
a closed proper subset of X which is mapped by f onto [0,1], then f |D is not monotone.
2. The construction
In this section we construct a continuum X with the properties promised by Theorem 1. We start with the following
easy proposition. We include its proof for the sake of completeness.
Proposition 2. Suppose K is an indecomposable continuum. For each point x ∈ K , let Kx denote the composant of x in K . Suppose a
and b are two points of K . Suppose also that Y is the continuum obtained from K by identifying a and b. Let p denote the projection
of K onto Y . Then Y is indecomposable, p(Ka)∪ p(Kb) is a composant of Y , and p(Kx) is a composant of Y for each x ∈ K \ (Ka ∪ Kb).
Proof. Suppose T is a proper subcontinuum of Y . Observe that P = p−1(T ) is a compact proper subset of K . Observe also
that either P is connected or P is the union of two continua Pa and Pb such that a ∈ Pa and b ∈ Pb . Since K is indecom-
posable, the interior of P in K is empty. Consequently, the interior of T in Y is empty. It follows that Y is indecomposable
and its composants are as described in the proposition. 
In the next proposition we construct a map τ : [0,1] → [0,1] which is the main component of the construction.
Proposition 3. Suppose S and W are countable subsets of the open interval (0,1). Then, there exists a continuous function τ : [0,1] →
[0,1] such that
(1) τ−1(0) = {0}, τ−1(1) = {1},
(2) τ (S) ∩ W = ∅,
(3) τ restricted to S is a bijection, and
(4) τ is not monotone on any non-degenerate subinterval of [0,1].
Proof. Let F denote the set of continuous functions f of [0,1] onto itself such that f (0) = 0 and f (1) = 1. F equipped with
the usual sup metric is complete. For each a ∈ (0,1/2), let G(a) = { f ∈ F | f ([a,1 − a]) ∩ {0,1} = ∅}. For any x, y ∈ [0,1]
such that x 	= y, let H(x, y) = { f ∈ F | f (x) 	= f (y)}. For any x, y ∈ (0,1), let J (x, y) = { f ∈ F | f (x) 	= y}. For any non-
degenerate interval I ⊂ [0,1], let L(I) = { f ∈ F | f is not monotone on I}. Observe that so deﬁned sets G(a), H(x, y), J (x, y)
and L(I) are open and dense in F . Let A = {3−1,3−2,3−3, . . .}, R = {(x, y) ∈ S × S | x 	= y}, and let I denote the set of all














By Baire category theorem, T 	= ∅. Observe that any τ ∈ T satisﬁes the proposition. 
2.1. Description of the construction
Let C denote the ternary Cantor set in the interval [0,1]. Arrange components of [0,1] \ C into non-repetitive sequence
of open intervals (a0,b0), (a1,b1), (a2,b2), . . . . Set E = {a0,b0,a1,b1,a2,b2, . . .}. Let σ be the step map of C onto [0,1].
Recall σ identiﬁes ai with bi for each i, and it is strictly increasing on C \ E . Since E ⊂ (0,1), σ(E) ⊂ (0,1). By σ × σ we
understand the product map of C2 onto [0,1]2. Let τ be as in Proposition 3 with S = W = σ(E).
Observe that the set B = {(c,d) ∈ C2 | σ(d) = τ ◦ σ(c)} is closed in C2. Let β denote σ × σ restricted to B .
The following proposition is an easy consequence of the construction.
Proposition 4. β maps B onto the graph of τ . Moreover, if s ∈ [0,1], then exactly one of the following three condition is true.
(1) τ (s) ∈ σ(E). In this case there is j(s) = 0,1, . . . and there is cs ∈ C such that β−1(s, τ (s)) = {(cs,a j(s)), (cs,b j(s))}.
(2) s ∈ σ(E). In this case there is i(s) = 0,1, . . . and there is ds ∈ C such that β−1(s, τ (s)) = {(ai(s),ds), (bi(s),ds)}.
(3) s /∈ σ(E) and τ (s) /∈ σ(E). In this case there is (cs,ds) ∈ C2 such that β−1(s, τ (s)) = {(cs,ds)}.
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Let K be an indecomposable continuum. By a theorem of Mazurkiewicz [5] (see also [4, Remark (i), p. 213]), we may
assume that K contains C in such a way that every two points of C are in different composants of K . Consider the set
Z = K × C . Since B ⊂ C2 and C ⊂ K , B ⊂ Z . Let D be the decomposition of Z onto preimages of points under β and single
points. Let X denote the decomposition space Z/D and let p be the projection of Z onto X . Since D is an upper-semi-
continuous and Z is a compact space, X is also a compact space.
Denote the arc p(B) by A. Let h be the natural homeomorphism of [0,1] onto A such that h(s) = p(β−1(s, τ (s))) for
each s ∈ [0,1].
Let π denote the projection of Z = K × C onto C . Since the composition σ ◦ π is constant on each element of D, it
induces a continuous map f of X onto [0,1].
2.2. Explanation of the ﬁgure
The construction is illustrated by Fig. 1. The gray horizontal segments depict K × C . The union of thinner black segments
(looking as a chopped up graph of a function) represents the set B . The round black dots represent points (c, e) such that
c ∈ C , e ∈ E and σ(e) = τ ◦ σ(c). The projection p identiﬁes the dot corresponding to (c,ai) with the dot corresponding
to (c,bi). Observe that (c,bi) is above (c,ai), right across the horizontal gap K × (ai,bi). For instance, each of the ﬁve dots
in K × {a0} in the ﬁgure is identiﬁed by p with the dot lying above it in K × {b0}. So, in this example, p(K × {a0,b0})
consists of two copies of the indecomposable continuum K with ﬁve pairs of corresponding points identiﬁed.
Points of the form (e,d), where e ∈ E , d ∈ C and σ(d) = τ ◦ σ(e), are represented in the ﬁgure by the small squares. The
square corresponding to (ai,d) is identiﬁed by p with the square corresponding to (bi,d). For instance, the layer K × {d0}
in the ﬁgure was chosen so that σ(d0) = τ ( 12 ). Since σ(a0) = σ(b0) = 12 , K × {d0} contains two squares corresponding
to (a0,d0) and (b0,d0). Hence, p(K × {d0}) is a copy of K with two points identiﬁed.
Observe that the set B is obtained by cutting the graph of τ with horizontal segments [0,1] × {σ(e)} and vertical
segments {σ(e)} × [0,1] where e ∈ E . Each pair of points created by a horizontal cut is represented in the ﬁgure by two
dots, and each pair of points created by a vertical cut is represented in the ﬁgure by two squares. The map τ is deﬁned in
such a way that, for any d ∈ C , K × {d} may not contain both a dot and a square. Moreover, if K × {d} contains a square, it
must contain exactly two squares, one corresponding to (ai,d), and the other corresponding to (bi,d) for some i = 0,1, . . . .
Identifying all pairs of corresponding dots and all pairs of corresponding squares is equivalent with putting the graph of τ
back together.
The vertical segment on the right side of the ﬁgure represents the interval [0,1]. The dotted lines indicate how σ ◦ π
maps Z = K × C onto [0,1]. Observe that (σ ◦ π)−1( 12 ) = K × {a0,b0} and (σ ◦ π)−1(σ (d0)) = K × {d0}. Consequently,
f −1( 12 ) = p(K × {a0,b0}) and f −1(σ (d0)) = p(K × {d0}).
2.3. Properties of the construction
The following three propositions easily follow from the construction.
Proposition 5. f ◦ h = τ .
Corollary 6. f (A) = [0,1].
Proposition 7. Suppose t ∈ σ(E). Then, t /∈ τ ◦ σ(E), t = σ(a j) = σ(b j) for some j = 0,1, . . . and f −1(t) = p(K × {a j,b j}).
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one of the following two cases applies.
(1) If t /∈ τ ◦ σ(E), then p restricted to K × {d} is a homeomorphism.
(2) If t ∈ τ ◦ σ(E), then there is i = 0,1, . . . such that p(ai,d) = p(bi,d) and p restricted to (K \ {ai,bi}) × {d} is a bijection.
Corollary 9. f is monotone and, consequently, X is a continuum.
Proposition 10. X is not irreducible.
Proof. Take arbitrary points x, y ∈ X . Observe that A ∪ f −1( f (x)) ∪ f −1( f (y)) is a proper subcontinuum of X containing
both x and y. 
Proposition 11. Suppose y ∈ K , t ∈ [0,1] and T is a subcontinuum of f −1(t) such that T ∩ A contains at least two points. Then
T ∩ p({y} × C) 	= ∅.
Proof. We ﬁrst consider the case where t ∈ σ(E). Then, by Proposition 7 there is an integer j = 0,1, . . . such that f −1(t) =
p(K × {a j,b j}). Since t /∈ τ ◦ σ(E), p restricted to each of the sets K × {a j} and K × {b j} is an embedding into f −1(t).
Also, for each x ∈ f −1(t), there is kx ∈ K such that p−1(x) consists either of one or of both (kx,a j) and (kx,b j). The map
gt : f −1(t) → K deﬁned by gt(x) = kx is continuous. Clearly, for each x ∈ f −1(t), either both of the points (kx,a j) and (kx,b j)
are not in B , or they both are in B and are identiﬁed by β . It follows that gt restricted to f −1(t) ∩ A is a bijection. Hence,
gt(T ∩ A) contains at least two points. Since gt(T ∩ A) ⊂ C , gt(T ) is a subcontinuum of K intersecting two composants.
Therefore, gt(T ) = K , and the proposition is true in the case where t ∈ σ(E).
Now, suppose t /∈ σ(E). Then, by Proposition 8, f −1(t) = p(K × {d}) where d is the unique element of C such that
σ(d) = t .
If t /∈ τ ◦ σ(E) then p restricted to K × {d} is a homeomorphism onto f −1(t) (see Proposition 8(1)). Since any two
points of C are in different composants of K , any two points of A ∩ f −1(t) are in different composants of f −1(t). Therefore,
T = f −1(t), and the proposition is true in this case.
Finally, suppose t ∈ τ ◦ σ(E). In this case, there is an integer i = 0,1, . . . such that p restricted to K × {d} is the identi-
ﬁcation of (ai,d) and (bi,d) (see Proposition 8(2)). By Proposition 2, f −1(t) is indecomposable. Proposition 2 also implies
that any two points of A ∩ f −1(t) are in different composants of f −1(t). Therefore, like in the previous case, T = f −1(t),
and the proposition is true. 
Proof of Theorem 1. Suppose to the contrary that there exists a closed proper subset D of X such that f (D) = [0,1] and
f |D is monotone. It follows that D is a continuum.
Suppose that f −1(t0) ∩ D ∩ A = ∅ for some t0 ∈ [0,1]. Since σ(E) is dense in [0,1], there is j = 0,1, . . . such that
f −1(σ (a j)) ∩ D ∩ A = ∅. It follows that p(K × {a j}) ∩ p(K × {b j}) ∩ D = ∅. Hence
p
(
K × (C ∩ [0,a j]
))∩ p(K × (C ∩ [b j,1]
))∩ D = ∅,
a contradiction with connectedness of D . So,
( f |D)−1(t) ∩ A = f −1(t) ∩ D ∩ A 	= ∅ for each t ∈ [0,1]. (∗)
Since D is a proper subcontinuum of X , there is a point (y, c) ∈ K × C such that p(y, c) /∈ D . There are numbers u
and v such that 0 u < v  1 and f −1([u, v]) ∩ p({y} × C) ∩ D = ∅. Let P denote the set f −1([u, v]) ∩ D ∩ A. Clearly, P is
compact. It follows from (∗) and Proposition 11 that, for each t ∈ [u, v], the intersection ( f |D)−1(t) ∩ A = f −1(t) ∩ D ∩ A
contains exactly one point. Therefore f restricted to P is a bijection onto [u, v]. Since a continuous bijection deﬁned on
a compact set must be a homeomorphism, f restricted to P is a homeomorphism onto [u, v]. In particular, P is a non-
degenerate subarc of A. It follows that h−1(P ) is a non-degenerate subinterval of [0,1] and f ◦ h restricted to h−1(P )
is a homeomorphism onto [u, v]. In particular, f ◦ h is monotone on h−1(P ). By Proposition 5, f ◦ h = τ . Therefore τ is
monotone on non-degenerate subinterval of [0,1], which contradicts the choice of τ . This contradiction completes the proof
of the theorem. 
Remark 12. Observe that p restricted to Z \ B = (K × C) \ B is a homeomorphism onto X \ A. Since A is compact and
one-dimensional, X and K have the same dimension. In particular, if K is one-dimensional indecomposable continuum, X is
also one-dimensional.
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